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I. Solve and submit the solutions to Questions 1-8. In all questions below, show your 

intermediate work. Make sure to attempt these questions without using a calculator. 

1) (10 points) Show that [(𝑝 → 𝑞) ∧ (𝑞 → 𝑟)] → (𝑝 → 𝑟) is a tautology without using a truth 

table. 

  



2) (10 points) Suppose that the domain of the propositional function P(x) consists of −5, −3, −1, 

1, 3, and 5. Express the following statements without using quantifiers, instead using only 

negations, disjunctions, and conjunctions.  

1. ∀𝑥((𝑥 ≠ 1) → 𝑃(𝑥)) 

2. ∃𝑥(¬𝑃(𝑥)) ∧ ∀𝑥((𝑥 < 0) → 𝑃(𝑥)) 

  



3) (10 points) Determine whether ∀𝑥(𝑃(𝑥)  ↔  𝑄(𝑥)) and ∀𝑥 𝑃(𝑥)  ↔  ∀𝑥𝑄(𝑥) are logically 

equivalent. Justify your answer. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4) (30 points) Let F(x, y) be the statement “x can fool y,” where the domain consists of all 

people in the world. Use quantifiers to express each of these statements. 

1. Everybody can fool Fred. 

2. Evelyn can fool everybody. 

3. Everybody can fool somebody. 

4. There is no one who can fool everybody. 

5. Everyone can be fooled by somebody. 

6. No one can fool both Fred and Jerry. 

7. Nancy can fool exactly two people. 

8. There is exactly one person whom everybody can fool. 

9. No one can fool himself or herself. 

10. There is someone who can fool exactly one person besides himself or herself. 



5) (9 points) Find a counterexample, if possible, to these universally quantified statements, 

where the domain for all variables consists of all integers. 

1. ∀𝑥∃𝑦(𝑥 =  1/𝑦) 
 

 

 

2. ∀𝑥∃𝑦(𝑦2  − 𝑥 <  100) 
 

 

 

3. ∀𝑥∀𝑦(𝑥2 ≠  𝑦3) 

 

 

 

 

 

 

6) (6 points) Determine the truth value of the statement ∃𝑥∀𝑦(𝑥 ≤ 𝑦2) if the domain for the 

variables consists of 

1. the positive real numbers. 

 

 

2. the integers. 

 

 

 

3. the nonzero real numbers. 

 

 

 

  



7) (15 points) For each of these sets of premises, what relevant conclusion or conclusions can be 

drawn? Explain the rules of inference used to obtain each conclusion from the premises. 

1. “If I play hockey, then I am sore the next day.” “I use the whirlpool if I am sore.” “I did 

not use the whirlpool.” 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2. “If I work, it is either sunny or partly sunny.” “I worked last Monday or I worked last 

Friday.” “It was not sunny on Tuesday.” “It was not partly sunny on Friday.” 

  



8) (10 points) Use rules of inference to show that if ∀𝑥(𝑃(𝑥) ∨ 𝑄(𝑥)) and ∀𝑥((￢𝑃(𝑥) ∧
𝑄(𝑥)) → 𝑅(𝑥)) are true, then ∀𝑥(￢𝑅(𝑥) → 𝑃(𝑥)) is also true, where the domains of all 

quantifiers are the same. 


