King Fahd University of Petroleum and Minerals
Information and Computer Science Department

ICS 253: Discrete Structures |

Homework Assignment #4
(Due Friday July 5, 2013 at midnight)

Answer the following questions. NOTE: There are 10 extra points in this assignment.
1. (6 points) What are the terms ay, a1, @, and asz of the sequence {a,}, where a, equals
a. (-2)™
b. 3?
n 3_TL b}
c. 2°+ [ . ]

o=t A= "L A0, =8 Zpﬂ
b.o\o:al—'_—QL:O\.} =2 '] f{j

c-0,=1, A =24[37:4 /l{)‘l/
.= U+[&]=7 ’\q’"
o,= 31 [3|=815=13 1da’l’

2. (6 points) Find at least three different sequences beginning with the terms 3, 5, 7
whose terms are generated by a simple formula or rule.

2 /‘—/ 1,q“—_-_2h+3/ Y\=0/1,Z,... Q}:q
h 43

Z‘)+{ D\D_-_?, a, =~ 5+ %XJ
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(12 points) Assume that the population of the world in 2010 was 6.9 billion and is
growing at the rate of 1.1% a year.
a. (4 points) Set up a recurrence relation for the population of the world n years
after 2010.
b. (6 points) Find an explicit formula for the population of the world n years
after 2010.
c. (2 points) What will the population of the world be in 2030?

o G(n)= G (n=1) + 000 G(n-) = | oy G (n-1) < O/ g)
G (0)= 6900600 600 —

(oD

—

b. G(V\): |'°“G\(Y\-\)
- l-on(l.ol\G\(h_z))

= U.olI)ZG(n-z\ (O/ é)
=20-°n>"a<o> (a{q%n)@ o Oy

¢ G(20) —.-.(l.ou)'2° (6900000000)

(0,2)

=B,582 L0 R 15 d(z/w»ls o b
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3. (9 points) For each of these lists of integers, provide a simple formula or rule that
generates the terms of an integer sequence that begins with the given list. Assuming
that your formula or rule is correct, determine the next term of the sequence.

a. 0,2,8,26,80,242, 728, 2186, 6560, 19682, . . .

a,= 3 — | o =59048
2 pts ris

b. 2,4, 16, 256, 65536, 4294967296, . . .

n

9
a = 2° a, = | UL 6 FULOTFIFO0ISSIbIE X /o

c. 1,3, 15,105, 945, 10395, 135135, 2027025, 34459425, . . .

a,=l, a:(’Znﬂ)ah_‘ O\a\;éS"-l—,?l"l/O?f
2 P+> 1p F
4. (6 points) Find the value of the double sum, ¥} 1221 17 2i%j3showing all your work.
(S 4 16 .
’22;., (2,;)_22 [if— 2'};]
cziz L = J=
yo (13)
+ fffaox3y)] _ [Ue) J J
= 2 2 L [[ og_ [ 2
iz

L= 12 "
— 2.(q7 721 2.

- 20197 129) (EL - 2 )

=1
‘ [ l’L)("J)/'(

— (19 F P (21639 = 9555532372
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5. (14 points)Determine whether each of these sets is finite, countably infinite, or
uncountable. For those that are countably infinite, exhibit a one-to-one
correspondence between the set of positive integers and that set.

the integers greater than 10

the odd negative integers

the integers with absolute value less than 1,000,000

the real numbers between 0 and 2

the set A x Z*" where A = {2, 3}

the integers that are multiples of 10

Q. Comnt« b In{n\- ,F(n) n-x4 %\}
! (of {(V\)

P o0 o

b. C;un'tﬁln} )f\F.m{"'{. £ = _2n+|

_?—ﬁ"j}.»]

/orwmw 1

W 5 s

(2>

Fm) =
(3, "4
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/l 2


Wasfi G. Al-Khatib

Wasfi G. Al-Khatib

Wasfi G. Al-Khatib

Wasfi G. Al-Khatib

Wasfi G. Al-Khatib

Wasfi G. Al-Khatib

Wasfi G. Al-Khatib


6. (6 points) Give an example of two uncountable sets A and B such that A— B is
a. finite.
b. countably infinite.

i uXounE’::blezl < O VZ T )
B-w,2) NN
s A"_E':[R_(\?[i”q’tiomo! ( 9, Z)
//,‘/ 3)
2= (\,z 2) . ( O/Z>

of oma co‘(ec{' AN SweN.

21‘L+1+(_1)1‘L
3.2m

Vo 309 M G‘H‘lf mqtir-\ﬂ inp{uc‘l’ 1on

{. Basic n=o (O 2>
=) . o q 'V 3o,
/__ZDL-J;)& 6= = nf+___§_,

3.1

. J . .
7. (6 points) Prove that }.7_, (— %) = whenever n is a nonnegative integer.

2- Vnductine sf’er: Assame thet Pln) J’\oloh) i,
%C—%.)}: Lm»i (':) “To Show ‘Hud" 26 )} ___—a-_L'_\)____

2™

S 6 ™ 2 Zae I (D (BT

J‘:a
— 2" oo™ 236 ML [2-3]
- 2.2" 2" 2. 2" B 3.2""!
1 \
= et
3.2

(@/ 7, [—k)
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1.3.5....(2n—1)
2.4.6..2n

62 )A’l\'l"—’“"\-ffl'CJ 'H\ch,‘l'f‘-?n ( O y z )
%0\5[,(', Y\:.I, 7 < ZL ‘l Jr\ 'h""l

8. (6 points) Prove that % < whenever n is a positive integer.

TrducTion Hyprheois: # ssme phot L ¢ 12800020 heldr. T

Fl_21.36.. (2n4)
S,\‘ow H:q 2“"'“)\ 246 (2032)

*X@ )c___l___—l—= n-

(n+y _ _\

— -;—: = =
2Wq) 202 20N =~ an+2 zn zn(m\) 2n(n+l)
o ! _ - L S I _ P ( | — — 3 (
v’a 2(h4t) TN an(my) n N-l ‘Z.Y\ Nt
L3 (-)) W 1.3...(1pnoy). 2D I _‘L/
< 2.4..2n Ny Z2.4.-.2n . 2(n+) &&

|.3... (=) (2nH) ¢ zn U4
= 2.G...2n-2(an) ne

(0/2/ LFB
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9. (10 points) Let P(n) be the statement that a postage of n cents can be formed using
just 4-cent stamps and 7-cent stamps. The parts of this exercise outline a strong
induction proof that P(n) is true for n > 18.

. (2 points) Show statements P(18), P(19), P(20), and P(21) are true,

completing the basis step of the proof.

. (2 points) What is the inductive hypothesis of the proof?

(2 points) What do you need to prove in the inductive step?

. (4 points) Complete the inductive step for k > 21.

pag) 1)+ 2P P(1) 3()+1(3) 0O-S Q’\‘-‘l'\
p(20):Sb)rocp PRV

(o QD

Qo

o

b. Y8242, apestase 4 4 cenlh can be formed
using b-Cent g .‘,L..Ceni’fﬁt-sﬁ{ Q OJ,Z/)
e To she Hhot Plan) ho/A},)... RPOJ%«Jc ‘6— N{l can be
fotmaed woimy h-cat & D cak 5f.7>s. (O/ 'L)
J. Siace PO holdb 192420, Choste PCN-3)-Uping LUy
We can €.'M1 G-Cek ff F-Lat ;f’mf;i.’» fofm N-3 cenbs. A,Uin;
one L= Cont ofanp Wwill r2sdb v Nl cenls in s Faumps.
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10. (4 points) Give a recursive definition of the sequence {a,},n=1,2,3, ...

ifa,=n(n+1). 1
a:-_-_ NN, *n | T m—"“: f\t-h =h +r\""2n= O\n-lh

oo a+ 2n h >l ( O/L'—)

" 2 n=|

11. (4 points) Give a recursive definition of the sequence {a,},n=1,2,3,...ifa,=n"
a +zn —| n>| Q oy Z’V)
.: a — [ h—l
| n= |

12. (6 points) Prove that fi# + f# + --- + f;Z = f,,, When n is a positive integer.

o= Ny a,. > -0 = h—2n +| = An —2NYI

(’l’hcrz watypo in this 7ugf’im. F£i bl 2 fn fo (n0b £30). )

Bosis: '\‘-“{."-l—lﬁ&‘-“')ﬂ —
Toduction: Assume. thob £3 R0 o abufon - To shathb R Rafl= £0,

Fl«""'rn:l'- Fl‘f.' F‘I} g (p\t" F;:l
= F.F.,.*F,:, (ba lndwdion ‘\:) po'“\-v)'u)
=Fa¢| (FA"FM\) = ‘Fn.“ cm-‘l- (bc'? Cabons«i d&{in i"':"‘)

Al 5%1/24/\’1’5 3J+é-
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13. (15 points) Let S be the subset of the set of ordered pairs of integers defined
recursively by

Basis step: (0, 0) € S.
Recursive step: If (a, b) € S, then (a, b+1) € S, (a+1, b+1) € S, and (a+2, b+1) € S.

a. (3 points) List the elements of S produced by the first four applications of the
recursive definition.

b. (6 points) Use strong induction on the number of applications of the recursive
step of the definition to show that a < 2b whenever (a, b) € S.
c. (6 points) Use structural induction to show that a < 2b whenever (a, b) € S.

2 peats o only b elesch o

o. (o,l),(l,!), (2,‘)
(on2), ()22, (32),(%,2)
9/3),(43),(2,3),(3,3) ,(4,3),(553), (bs3)

(04)r (1), (2,6),(3,4), (b)), (S6), (6,1, (3,4), ()

RS

b. Let Pt bethe stafemed that a <2b wheneier (a/b)eSio obfaied afher n
aﬂ)lito\k;o-\s o4 the (wles -
Basis: PC0) b Tt 4p 0L 2(0) =0 (O/ 2)
— Tnductire step: Assume PLj) holols for 163 2 n- To Show that Pn+1) holds.
l Fa’) !\4’ Let (tiwe S be obTained ba Nt applicakion A Ao recusine step.

Then, (,4) has been sbiained Fom (ab)eS ba oncofs the fobhoy vadeo:

1. (Ew)=(s, b+1)

1 f+ 8y THiag2b =5 a<c2bt2= 2(bu), i-€. tL 2u

2. (tﬁ\): (Q'i\/b'ly
II 0’+ ByLH:oc2be> arl S2bst = am<zbi2= 2(hep) i-e. £42U
2. (w) = (ax2, b1)
1 f+ By LH agbey ar2g2bt2:20bn), ive £ 2u.

c- By Sttacturaf DaJuction: ,t- ¢
1.Basis: For 100), 0 £2(6)=0 L. — 2 f
2. Taductine _d'ep!
Pssane it holds For (a,b)eS Ciie ag2h), Hun 1 OQP
1 qu' o g2b=pac2bs 2:2(bw). j-c.@,bu) es”

1 f‘l’ a £2b&D Al 22byl £ 2b42. le. (a4, by) & S
1 ’% aL2bé&S arl £2b 42 FREE (as2,be) ¢ S’
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